Abstract. In this paper, we study the geometry of real half lightlike submanifolds of an indefinite Kaehler manifoldM . We provide several new results on such a real half lightlike submanifold M by using the F -structure of M induced by the almost complex structure J ofM .
Introduction and preliminaries

It is well known that the radical distribution Rad(T M ) = T M ∩ T M
⊥ of half lightlike submanifolds M of a semi-Rimannian manifold (M ,ḡ) of codimension 2 is a vector subbundle of the tangent bundle T M and the normal bundle T M ⊥ , of rank 1
. Thus there exists complementary non-degenerate distributions S(T M ) and S(T M ⊥ ) of Rad(T M ) in T M and T M
⊥ respectively, which called the screen and coscreen distribution on M , such that ( 
1.1) T M = Rad(T M ) ⊕ orth S(T M ), T M ⊥ = Rad(T M ) ⊕ orth S(T M
⊥
We call N, ltr(T M ) and tr(T M ) = S(T M ⊥ ) ⊕ orth ltr(T M ) the lightlike transversal vector field, lightlike transversal vector bundle and transversal vector bundle of M with respect to S(T M ) respectively. Thus TM is decomposed as follows:
TM = T M ⊕ tr(T M ) = {Rad(T M ) ⊕ tr(T M )} ⊕ orth S(T M ) (1.3) = {Rad(T M ) ⊕ ltr(T M )} ⊕ orth S(T M ) ⊕ orth S(T M ⊥ ).
The objective of this paper is to study the geometry of real half lightlike submanifolds of an indefinite Kaehler manifoldM or an indefinite complex space formM (c). We provide several new results on such a real half lightlike submanifold M by using the F -structure of M induced by the almost complex structure J ofM . In Section 1, we recall some of fundamental formulas in the theory of half lightlike submanifolds. In Section 2, we prove some basic theorems of half lightlike submanifolds which will be used in the sequel. In Section 3, we study real half lightlike submanifolds M of an indefinite Kaehler manifoldM by using the induced F -structure and some umbilical properties of M . In Section 4, we investigate real half lightlike submanifolds M of an indefinite complex space formM (c) such that the screen distribution S(T M ) is totally umbilical in M . Recall the following structure equations:
Let∇ be the Levi-Civita connection ofM and P the projection morphism of Γ(T M ) on Γ(S(T M )) with respect to the decomposition (1.1). The local Gauss and Weingarten formulas of M and S(T M ) are given respectively bȳ 
The induced connection ∇ of M is not metric and satisfies
But the connection ∇ * on S(T M ) is metric. The above three local second fundamental forms are related to their shape operators by
By (1.12) and (1.13), we show that A * ξ and A N are Γ(S(T M ))-valued shape operators related to B and C respectively and A * ξ is self-adjoint on T M and (1.16) [4] . From (1.4), (1.8) and (1.9), we have 
Proof. Replace Z by ξ in (1.18) and use (1.8) and (1.9), we havē
Taking the scalar product with Z ∈ Γ(T M ) to (2.2) and using (1.15) and the
Taking the scalar product with ξ to (1.18) and using (2.3), we have (2.1). □ Definition 2. We say that M is lightlike transversal umbilical if, on any coordinate neighborhood U, there is a smooth function β such that
In case β = 0 on U, we say that M is lightlike transversal geodesic.
Theorem 2.2. Let M be a lightlike transversal umbilical half lightlike submanifold of a semi-Riemannian manifold (M ,ḡ). Then the function β defined by (2.4) satisfies the partial differential equation
(2.5) ξ(β) + βτ (ξ) − β 2 = 0.
Moreover, if rank (S(T M )) > 1, then β satisfies the partial differential equation
Proof. From (1.10), (2.1) and (2.4), for all X, Y, Z ∈ Γ(T M ), we have
Take X = ξ and Z = Y such that g(Y, Y ) ̸ = 0 in this equation, we have (2.5). Take X = P X, Y = P Y and Z = P Z in the last equation and by using (1.11) and the fact that S(T M ) is non-degenerate, we get
Then from the last equation it follows that all vectors from the fibre S(T M ) x are colinear with ( 
Thus we show that L ξ g = −2βg ⇐⇒ B = βg. Therefore we get our assertion. □
As the Riemannian curvature tensor R of M can be considered as an F (M )-multilinear function on individual vector fields. The operator
Theorem 2.4. Let M be a half lightlike submanifold of a semi-Riemannian manifold (M ,ḡ). Then the radical vector bundle Rad(T M ) is an invariant distribution with respect to the curvature operator R XY , for all X, Y ∈ Γ(T M ).
Proof. Using the local Gauss-Weingarten formulas for S(T M ), we obtain
Taking the scalar product with any Z ∈ Γ(T M ) to (2.6) and using the facts that S(T M ) is non-degenerate and g(R(X, Y )Z, ξ) = 0, we have
Proposition 2.5. Let M be a half lightlike submanifold of a semi-Riemannian manifold (M ,ḡ). Then the local second fundamental form D and C of M and S(T M ) respectively satisfy the following equation, for all
Proof. Taking the scalar product with any L to (1.18), we havē
Also, taking the scalar product with any Z ∈ Γ(T M ) to (1.20), we havē
Comparing the last two equations, for all X, Y, Z ∈ Γ(T M ), we have
Replace Z by P Z to (2.10) and use (1.9), we have the equation (2.9). □
Real half lightlike submanifolds
LetM = (M , J,ḡ) be a real 2m-dimensional indefinite Kaehler manifold, whereḡ is a semi-Riemannian metric of index q = 2v, 0 < v < m and J is an almost complex structure onM satisfying, for all X, Y ∈ Γ(TM ),
An indefinite complex space form, denoted byM (c), is a connected indefinite Kaehler manifold of constant holomorphic sectional curvature c such that 
Note 2. Although S(T M )
is not unique, it is canonically isomorphic to the factor vector bundle T M * = T M/Rad(T M ) considered by Kupeli [8] . Thus all screens S(T M ) are mutually isomorphic. For this reason, we consider only real half lightlike submanifolds equipped with a screen S(T M ) such that
We call such a screen S(T M ) the generic screen of M .
By Theorem 3.1, the generic screen S(T M ) is expressed as follow:
where H o is a non-degenerate almost complex distribution on M with respect to J, i.e., J(
). In this case, the general decompositions (1.1) and (1.3) reduce to
where H is a 2-lightlike almost complex distribution on M such that
Consider null vector fields U and V , and a non-null vector field W such that
Denote by S the projection morphism of T M on H. Then, by the first equation of (3.3)[denote (3.3)-1], any vector field X on M is expressed as follows
where u, v and w are 1-forms locally defined on M by
and F is a tensor field of type (1, 1) globally defined on M by
Apply J to (1.4) ∼ (1.6) and (1.17) and use (3.1) and (3.4) ∼ (3.6), we have
Definition 4. We say that M is totally umbilical [3] if, on any coordinate neighborhood U, there is a smooth vector field H ∈ Γ(tr(T M )) such that h(X, Y ) = H g(X, Y ), ∀ X, Y ∈ Γ(T M ).
It is easy to see that M is totally umbilical if and only if, on each coordinate neighborhood U, there exist smooth functions β and δ such that
Theorem 3.2. Let M be a real half lightlike submanifold of an indefinite Kaehler manifoldM . Then H is an integrable distribution on M if and only if h(X, F Y ) = h(F X, Y ), ∀ X, Y ∈ Γ(H).
Moreover, if M is totally umbilical, then H is a parallel distribution on M .
Proof. Take Y ∈ Γ(H). Then we have F Y = JY ∈ Γ(H). Apply J to (1.4) with Y ∈ Γ(H) and use (1.4), (3.1), (3.4) and (3.5), we have
By straightforward calculations from two equations of (3.13), we have
If H is an integrable distribution on M , then [X, Y ] ∈ Γ(H) for any X, Y ∈ Γ(H). This implies g([X, Y ], V ) = g([X, Y ], W ) = 0. Thus we have h(X, F Y ) = h(F X, Y ) for all X, Y ∈ Γ(H). Conversely if h(X, F Y
Moreover, if M is totally umbilical, from (3.7)-3 and (3.12), we show that
Replacing X by W and U in this equation by turns, we have β = 0 and δ = 0 respectively, i.e., we get B = D = 0. Therefore, from (3.13), we have 
B(Y, Z)C(X, V ) − B(X, Z)C(Y, V ) = B(X, V )C(Y, P Z) − B(Y, V )C(X, P Z).
Proof. Apply∇ Z to (3.13)-1 and use (3.5)-2, (3.7), (3.9) and (3.14), we have
for all X, Y ∈ Γ(T M ) and Z ∈ Γ(H). From this equation, we have
Comparing (2.1) with Z = F Z and the last equation, we obtain
Apply the operator ∇ Y to (3.9) and use (3.9), we have
Using this equation, (1.12), (1.14), (2.7), (2.8), (3.7) and (3.11), we have
Taking the scalar product with Z ∈ Γ(H) to (3.17), we have
for all X, Y ∈ Γ(T M ) and Z ∈ Γ(H). Comparing (3.16) and (3.18), we have
From the last equation and (1.9), we obtain (3.15). □ Proof. From (2.4), (3.7) and (3.15), we have
for all X, Y ∈ Γ(T M ) and Z ∈ Γ(H). Replace X by V to (3.20), we have
Replace Y by U and Z by V in this equation, we have β = 0. Thus M is lightlike transversal geodesic. From (1.10), ∇ is a metric connection of M . □ From Theorem 2.3 and 3.5, we have the following theorem. 
Proof. Apply the operator ∇ Y to (3.10) and use (3.8), we have
Using this equation, (3.7) and (3.11), we have
Taking the scalar product with V to (4.2) and using (3.6), we have
On the other hand, taking the scalar product with W to (3.17) and using the fact g(F X, W ) = 0 for all X ∈ Γ(T M ), we have
for all X, Y ∈ Γ(T M ). Comparing (4.3) and (4.4), we have (4.1). □ Definition 5. We say that S(T M ) is totally umbilical [3] in M if, on any coordinate neighborhood U ⊂ M , there is a smooth function γ such that
In case γ = 0 (γ ̸ = 0) on U, we say that S(T M ) is totally geodesic (proper totally umbilical ) in M . Proof. Assume that γ ̸ = 0. From (3.7), (3.15) and (4.5), we have 
On the other hand, from (4.1), (4.5) and (4.8), we get
Replace Y by U in this and use the fact B(U, W ) = 0 due to (4.6), we have
From (4.6)-1, (4.8) and (4.9) we have t * (x) = 1. Take X = ξ in (4.6)-2 we have ϕ(U ) = 0. Replace Y by U to (2.9) and use (4.6)-2 and the facts that ϕ(U ) = 0 and γ ̸ = 0, we have
Take Z = W in this equation we get ϕ(X) = 0 for all X ∈ Γ(T M ). Thus, by Note 1, we show that M is irrotational. Therefore we have our assertions. □ Proof. Taking the scalar product with ξ to (3.2) and use (2.3), we have c
Corollary 2. Let M be a real half lightlike submanifold of an indefinite Kaehler manifoldM such that S(T M ) is totally umbilical. If
Taking X = Z = U and Y = ξ in this and using (3.4), (3.6) and (4.2), we have Proof. Taking the scalar product with N to (1.18) and using (1.13), (1.14) and the fact that c = 0 due to Theorem 4.3, we have
for all X, Y, Z ∈ Γ(T M ). Using (1.7) and (1.8), we have
Using ( 
